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Abstract. We consider the family of real (generalized) eigenfunctions of the 
adjacency operator on Tj^ - the d-regular tree. We show the existence of a unique 
invariant Gaussian process on the ensemble and derive explicitly its covariance 
operator. 

We investigate the typical structure of level sets of the process. In particular we 
show that the entropic repulsion of the level sets is uniformly bounded and prove the 

(N 

J> ' existence of a critical threshold, above which the level sets are all of finite cardinality 

, and below it an infinite component appears almost surely. 

o 
in 

o . 

5^ ■ 1- Introduction and main results 

O 

I The regular tree (also known as the Bethe-lattice), is a connected, cycle-free, infinite 
I graph where each vertex is connected to d neighbors. In an abuse of notation, we shall 

use the notation Td for both the graph and the set of its vertices. 

For a function / : — M the adjacency operator A acts on the components of / by 

{Af){v)= J2 /(^') 

\v~v'\=l 

where v, v' G Td and It" — t;'! is the distance in Td from v to v'. 

The spectrum p[] of A is absolutely continuous, supported on the interval 

cx{Td) = [-2Vd^,2^/J^], 



with a spectral density, given by 

d ^A{d - 1) - A2 
2^ rf2 - A2 



PW - — 35 T5 ^AGa(Td) 
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where X is the indicator function. For a given A G <j{Tct), a function : ^ C will 
be referred as a wave (or a generalized eigenfunction) if {A — XI)ip = 0, where / is the 
identity operator on T^. 

In this paper, we investigate the existence and properties of the following Gaussian 
process on T^: 

Theorem 1.1. For every d > 3 and A G cr{T£), there exists a unique random process 
QSd{\) = {fl,fj,}, associating Wu E fl a function ip^^ : Td ^ M. with the following 
properties: 

(i) for almost every u E Q, {A — \I)ipuj = • 

(a) II is a Gaussian measure, where Vf G T^, the marginal variance Var(-?/'^(t>)) = 1 . 
(Hi) for every automorphism $ : — > and vertices v,v' G T^, 

Gaussian processes are frequently used in various branches of physics, such as semi- 
classical analysis [2J, optics [3] or cosmology [4J (to list only a few) - usually as a 
heuristic model to study systems with random perturbations. In particular, ^iSd(A) was 
conjectured in [5|, as a limiting process for the distribution of eigenvectors of random 
regular graphs. 

Theorem 11.11 will be established in section [2] where we investigate the properties of 
QSd{X), by calculating the covariance operator explicitly. In addition, we prove that 
the process has a Markov property, in a sense that will be defined in theorem 12.31 
We will also characterize the structure of a typical realization ip^, by considering its 
level sets: 

For a function f : Td ^ M and a G M, we define the induced subgraph Ta{f) C T^, by 
keeping only vertices above the threshold a: 

TM) = {veTd,f{v)>a} 

and define the a-level sets of /, to be the connected components of Ta{f). 

One aspect that will be investigated is the entropic repulsion induced by the process. 
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namely the distribution of i'ujiv), conditioned on the diameter of the a-level set, 
containing v. Let 

be a simple path of length n — 1, so that VI < j < n, \vj+i — Vj\ = \vj — fj-i| = 1 but 
For a given a G M and G N, we define the conditional probability 

= F{-\yveV,tPM>(^) 

and argue the following: 

Theorem 1.2. VA G o-(Td) and a G M, there exist V'o(A, a) < oo and < ci(A), C2(A) < 
oo, so that \fn G N, 1 < /c < n and x > ipo 

A natural question which arise, when considering the structure of the a-level sets 
of ^iSd(A), is related to the existence, or the absence, of an infinite level set and the 
transition between the two regimes. This question is answered by the following theorem: 

Theorem 1.3. VA G cr(Trf), there exists an Oc & ^ so that for almost every realization 
"ipLo G QSd{)^), Taiipio) has an infinite component for a < ac, but only finite components 
for a > ac- 

The theorem is proved in section HI following a 'quasi-Bernoulli' criterion, 
introduced by Lyons in [6], for random percolation processes on tree graphs. 

1.1. Relations with previous results 

Gaussian waves on were first suggested in [2] as a model for the limiting behavior 
of eigenfunctions of chaotic systems. While the model is not supported by any rigorous 
derivation, it was found consistent with some numerical observations, such as [71 El E] . 
In [5], a modified 'random waves' model was introduced, in order to describe the 
statistics of adjacency eigenvectors of the ensemble G{n,d), consisted of all d— regular 
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graphs on n vertices and equipped with the uniform measure. 

The ensemble G{n, d) serves frequently as a convenient model for random expander 
graphs (for a review, consider |10j). Eigenvectors of such graphs are used in various 
algorithms (e.g. [HI [121 [13] ) , however not much is known about their characteristics. 
G{n, d) graphs have drawn recently a considerable attention in the physical community 
as a plausible 'toy-model' for generic chaotic systems. In [H] it was claimed, based 
on numerical simulations, that in the limit n ^ oo, the local level distribution of such 
graphs follows the predictions of the GOE random matrices ensemble, as believed to hold 
for chaotic billiards as well |15j. This result was recently strengthened by an analytic 
derivation [16] of the 2- levels form-factor asymptotics. The spectral properties of G(n, d) 
were also suggested in [17J as a natural finite dimensional model for the regular tree, in 
the context of Anderson (de-) localization. 

The model conjectured in [5], has to do with these three aspects: it relates G{n,d) 
graphs to an additional universality class associated with chaotic behavior, it predicts 
that the eigenvectors of such graphs are extended (corresponding to the appearance of 
an ac spectrum in the corresponding lattice). Lastly, it predicts with a high accuracy 
variate statistical properties of the eigenvectors, which are of interest - for example, the 
nodal domains statistics of such graphs, which was measured in [18] , but have not found 
any explanation. 

In this paper we provide a rigorous construction of the Gaussian waves model on T^, 
which is a first step towards the analysis of the relations between the process QSd{X) 
and the eigenvectors of a random G{n, d) graph. 

The statistics of level sets of Gaussian random waves in and specifically their 
nodal sets was measured and characterized in [TJ [19]. The observed statistics found 
an intriguing explanation in [9], where it was conjectured that the nodal statistics 
of 2 dimensional Gaussian waves can be approximated by a critical (non correlated) 
percolation model. 

The last section of the current work provides a rigorous proof for the critical behavior of 
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the Gaussian waves model in T^. However, the characters of the transition are different 
then the ones of uncorrelated percolation. 



2. Properties of the process ^^^(A) 

As a Gaussian process is characterized by its covariance operator, theorem 1 1.1 1 will follow 
from lemmas [2.11 and [2l2l where we prove the existence of the described process and the 
uniqueness of its covariance. 

We denote by 6^ G I'^iT^) the indicator function supported at t> G T^. We define for 
z G C \ (y{Td) the resolvent operator R{A, z) : Td ^ Td by 

R{A, z) = {A-zI)-^ 

We will also make use of the Chebyshev Polynomials of the second kind, defined as 

^ sm((n+l)cos-'(.)) 

sm (cos [x)) 

and follow the convention U^i{x) = Ui{x). 

Lemma 2.1. For every X G <j(Td), the Gaussian process determined by the covariance 
operator Cov{ip^{v),ip^{v')) = {5^,C\5yi), where 

Is consistent with the requirements of theorem \1.1\ 

Proof. The existence of the limit appearing in equation l2.2l can be verified for A G o"(Trf), 
by considering the spectral representation of the resolvent and recalling the smoothness 
of the spectral density (see, for example sections 1.3, 1.4 of [20]). As 

Im(A - (A + ie)I)-^ = e{{A - \lf + e^I)-^ (2.3) 

The resolvent is positive definite Ve > 0, therefore equation 12.21 defines an appropriate 
covariance operator. 



Following equation 12.21 Var('?/'t^(f )) = 1. Moreover, as the resolvent is invariant under 
any automorphism $ : — requirements {ii) and {Hi) of theorem 11.11 are satisfied. 
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Lastly, let ipui be a random realization of the Gaussian process generated by Cx- As the 
law of ipi^ is invariant under reflections, 

E{{5,,{A-XI)^^)) = . 

In addition, by the invariance of the measure, 

E((5,„(A-A/)^^)2) = 

{d + X^)E{ij^{vY) - 2d\E{^MMv'))\v-v'\=i + d{d - l)E{ijMi^M))\v-."\=2 = 

(5,(A-A/)2,Ca5,) = 

{6.,{A-XIf{{A-XIf + e'I)-%) _ 
™ (5„((A-A/)2 + e2/)-i5,) 

where in the first and second step we have expanded the bilinear form into elements 

(bearing in mind that E{ip^{v)'ilJuj{v')) depends only on |t> — 1>'|) and recollected it; In the 

third step we have followed the definition of the covariance operatot: Cx = E{ilj^ip'^) 

and in the fourth, we have followed equations 12. 2^ 12.31 

As {6y, {A — XI)il)J) is a Gaussian random variable, with zero mean and variance, it 
equals zero almost surely, establishing by that requirement {i) of theorem 11.11 □ 

Note that the last proof relies only on the smoothness of the spectral density of A, 
and the invariance of the process. Therefore Gaussian wave models can be generated 
by the covariance operator 12.21 for broader classes of conducting graphs. 

In order to find an explicit expression for the covariance of the process QSdiX) for 
a given A G cr(Trf), we would like to introduce the function [H |2T] 0^'*') : N — > M defined 
as 

= a - 1)-"/^ (^^C/„ (5^) - i«„_, (^)) (2.4) 
and state the following: 

Lemma 2.2. Let QSd{X) = {Q,fi} be a random Gaussian process, consistent with the 
requirements of theorem \l.l[ Then, the covariance ofQSd{X) is given by 

Coy{Mv),Mv')) = <P'''\\v - v'\) 
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Proof. We begin by considering a general property of waves on T^. 
Let / : M, so that {A — XI) f = 0. For a given v E Td and k E N, denote the 

sphere of radius k around v by 

^k{v) = {v' G Td, \v' -v\ = k} 

and define 

to be the sum of / over the A;— sphere. As {A — XI) f = and since for k > 2, every 
vertex in the {k — 1)^^ sphere has d — 1 neighbors in the fc*^ sphere , we get that: 

So = fiv) , S^ = Xfiv) (2.5) 

XSk = {d- l)Sk-i + Sk+i for A; > 2 
Recalhng that Chebyshev polynomials are related by the recursion relation 

2xUk{x) = Uk-i{x) + Uk+i{x) 
one can verify that 

Skif,v) = \Ak\(l>^'\k)-fiv) (2.6) 
is the (unique) solution to 12. 5[ 

Now, assume that a process QSd{X) = {Q, fi} follows the requirements made in theorem 
O Then, 

HMv) ■ ^-(^'))liwi=fc = HMv) ■ 7^Sk{iJu.,v)) (2.7) 

= 0W(fc)E(^^(t;)) 
= (j)^^\k) 

Where we have followed properties (iii), (i) and (u) of the process QSd{X) 
respectively. □ 

In the rest of this paper, we will be often interested in the restriction of the process 
QSd{X) to finite subsets of Td. For this reason we would like to introduce the following 
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notation: 

For a. set V = C we denote 

n 
i=l 

The density of the measure on QSd{\) will be denoted by 

The adjacency operator is local, i.e. it contains only nearest neighbors interactions. 
For tree graphs, such as T^, this property has the following consequence: 
Consider two adjacent vertices vi,V2 G T^, define the partition of into 

T^^\vi,V2) = {V e Trf, \V - Vi\ <\V- V2\} 
T^'^\vi,V2) = {V e Td, \V - Vi\ > \V- V2\} 

(see figure [I]) and Let Vi C T^^'^ \ vi and V2 C T^"^^ \ V2 be finite subsets of the two 
subgraphs. 

For a given A e a{Td) and X e MI^iI+^ consider the family of waves on T^, where we 




Figure 1. 

fix the value of the function on Vq and Vi to X: 

F={f:Td^R,{A- \I)f = 0, /{Vo U V^) = X} . 



Gaussian Waves on the Regular Tree 9 
Due to the constraints which are imposed by the adjacency operator, fixing /(Vq) might 
impose constraints on /(V2) which must be satisfied V/ G F. However, note that by 
fixing /(Vo), the adjacency operator does not mix vertices from Vi and V2. As a result, 
the constraints on /(V2), imposed by fixing /(Vq U Vi) are identical to the one imposed 
by fixing /(Vq) alone. 

This property is inherited by the process QSd{)^) in the following sense: 

Theorem 2.3. Let Vq = {vi,V2} C Td , so that \vi — = I, Vi C T^^\vi,V2) and 
V2 C T(^)(t>i, t>2). Then the distribution of ip^(y2) conditioned on ipuiiVo) is independent 
ofMVi): 

p{MV2)\MVoi^v^))=p{MV2)\MVo)) 

Proof. As i'u;{V2) is a Gaussian random vector, it is enough to show that 

HMy2)\MVo u Vi)) = nMV2)\MVo)) 

and that 

Cx{MV2)\MVo u V,)) = c^{MV2)\MVo)) 

where Cx is the conditional covariance operator. 

To do so, we set Ui = |Vi|, n2 = IV2I and denote by V = {vk}lt!l^^^^ the union 
of Vo, Vi,V2. We consider first the case where the adjacency operator do not impose 
constraints on V'aj(V), so that the covariance matrix {Cx(y))rrd = <P'''^\\vm — vi]) is 
strictly positive. CxiV) can be written in the next blocks form: 



Ca(V) 



(-^(11) (-^(12) 



y C(21) C{22) j 

Where is the [ux + 2) x (ni + 2) covariance matrix of '?/'(^(Vo U Vi) and C{22.) is the 

n2 X n2 covariance matrix of '?/'a;(V2). 

We set, in a similar fashion to the proof of lemma [2^ 

Afc(^;2) = {v^ T^'-\\v-V2\ = k} 
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As {A — A/)'0a; = 0, the S^s are determined by the recursion relation 

A-S'fe — {d — l)Sk-i + Sk+i 

Therefore V/c e N, Sk is determined by '0a;(Vb). By the invariance of the process QSd{X), 
we obtain that V/c > and v e A^, 

As a result, since V2 C (Ja; 'S'fc, we find that 

HMV2)\MVo),MVi))-HMV2)\MVo)) ■ 

The conditional expectation and covariance operator of V'wl^) are given by the formulae 

HMV2)\MVo),MVi)) = c^2i)CiA)MVo u (2.8) 

^>^('^'^)\i>UVoWu.{Vi) = ^(22) - C'(21)C(~})C(i2) 

Therefore, since IE('0a;(V2)|V'a)(Vb), V'a;(^i)) is independent of ^'(^(l^i), (C(2i)C'(^}))ij must 
vanish Vj > 2 and (C(2i)C^'^}))ij is independent of the set Vi for i = 1, 2. As a result, 
C(2i)C(ii)'-^(i2) is independent of Vi as well, therefore 

Establishing by that the suggested independence. 

As was noted above, if the adjacency operator does impose constrains on the distribution 
of ipu}{V), these constraints can be decoupled into separate constraints on ipuj{Vi) and 
'0u;(^)- Therefore, there exists a partition of Vi, V2 into a free and constrained subsets: 
Vi = Vf U Vf and V2 = V^^ U Vf, so that CA(yo U Vf U Va^) is strictly positive, 
while i/jujiVf) and t/'u;(^*^) are determined uniquely by ■0a; (V^) U Vf) and ■0a; U V-f) 
correspondingly. 
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Therefore, from the proof to the unconstrained case we obtain that 

p {MV2^)\MVo u Vi)) = p {MV2^)\MVo u vf)) = p {Mv^^MMVo)) 

As ipu^iV-f) is uniquely determined by ipuiiV-f), the theorem follows. □ 
3. Distribution of level sets 

As was suggested in section [1], the a-level sets of ipuj G ^'^^(A), can be naturally related 
to a random process {fijPo} on the Bethe lattice, associating Vcj G Q, an induced 
subgraph Ta{'4'uj) C T^, according to the rule: 

For a G M, ■i/'t^ G QSd{\) and v G T^, we set C°(f ) to denote the connected component 
of V in Taiipuj)- 

In the following, we will consider the conditional distribution of ipi_j{v), where we 
condition on the diameter of the a-level set which contains v. 
Let V = {fj}"^]^ be a simple path in T^. For a given a G M we set 

nt'" = {Luen,v,eC:ivn)} 

as the restriction of the sample space Q to events in which V is contained in an a-level 
set. Similarly, we use the symbols 

pr(-) = P(-heCM) , Er(-) = E(-KGCM) , p^H =p(-h e CM) 

to denote probabilities, expectations and densities, conditioned on the event Vi G 

The main result of this section is theorem II. 2[ The proof of the theorem will follow the 
next lines: 

First, we calculate in lemma ISTTl the probability density p^{tlJi^{v)\tpaj{V \ v)) and find 
that it is concentrated around a linear combination of {ipujiv' G V^), \v — v'\ < 2}, with 
a bounded variance and Gaussian tails. 

Next, in lemma [3l2l we observe that above some finite threshold ipo{^,C() < oo, the 
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suggested linear combination becomes convex. Therefore, the probabihty to find that 
i^ujiv) > X decays rapidly for x > ipo, unless ipuj{v) is significantly smaller then the 
average of its neighbors. Finally, we show that the convexity of the distribution, results 
in the concentration of ipaj{v), establishing by that theorem II. 2[ 

Lemma 3.1. Let V = {fj}"^]^ d he a simple path. Then VA G cr(T(;),a G M and 
Vk G V, there exist constants ak±i{X, a) , ak±2{^, Ci) (^nd al < 1, so that 

pt^'^iM^k) = x\MV \ Vk)) = ^exp (- ^"""^y" ) ^x>a (3.1) 

where I is the indicator function, Z = dyexp (^— ^^^^2^ j and 

Ek{uj)= ak'{\a)'4^Lc{vk') 

\k-k'\<2 

Proof. First, note that 

X 

pt'^i'^U't^k) = x\-^u^{V \ Vk)) = ■ vii^uivk) = x\^p^{V \ Vk)) 
Therefore, as p{i'u){vk)\ipui{y \ Vk)) is Gaussian, equation 13. II follows with 

Ek{uj) = E(^,(i;,)|^^(\/ \ Vk)), al = Var(^^(t;fe)|^^(l^ \ Vk)) 



Next, according to theorem 12.31 we get that 

pi'ipujivk) = x\ij^(y \ Vk)) = p{i^uj{vk) = x\ij^{v)) 

where V = {vk-2,Vk-i,Vk+i,Vk+2)- Therefore, following formula 12.81 we find that 
VaY{tp^{vk)\i'u;{V \ Vk)) < YaT{i:^{vk)) = 1 and that E{tp^{vk)\^puj{V \ Vk)) is a linear 
combination of ipujiV), establishing by that the lemma. 

By a straight forward calculation (which involves the inversion of a 4 x 4 matrix), we 

obtain that the conditional expectation of ipuj{vk) is given by 

Mco) = ^^-(^^)-^-(^3) ^32) 
d — 1 

{d-l)\ij^{vi) + dX'4)^{v-i)-{d-l)ip^{vi) 
^^^^^ = P + (d-l)2 

X ^ ..-ipujiVk-l) + i^co{Vk+l) ^ ..i^^{Vk-2) + i^u{Vk+2) 

t,k\uj) = ai[A) a2[A) 
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for 2 < k < n — 1, where 

2dX 2{d-l) 

+ -1)2 + 1 ' ^^^^^-p+(d-l)2 + l • 

En-i, En are obtained from Ei, Eq by a reindexation of □ 

According to the last lemma, p^'"('?/'a;('yfc)|V'a;(^ \ '^k)) is concentrated with Gaussian 
tails near its expectation value, which is bounded from above by 

K'^^i^VkMuiyXyk)) < max{Ekiuj),a) + 1 (3.3) 

An important observation, which will have a significant role in the proof of theorem 



\1.2\ is the convexity of Ek{uj). Note that VA G cr(Trf) and 1 < k < the sum of 
coefficients appearing in equation 13.21 is smaller than one, implying that E,+'"(^/'^(t>fe)) 
cannot exceed significantly the average of its neighbors. Introducing the notation 

'^uiv^ij = i'oj{vi),i'oj{vn+i) = 'ipuj{vn-i), the ucxt lemma follows: 

Lemma 3.2. VA G (j{Td) and a E R, 3'ipo{X,a) < oo and C2{X),cs{X) > 0, so that 
Vn E N,l < k < n and x > ipo 

P+'" (^Mvk) >xA Mvk) > ^^^(Mvk-i) + M^k+i))^ < 
For the sake of brevity and in order to avoid messy calculations, we consider here 



only the case where X < d — ^y2{d — 1) and 2 < k < n — 1, where the completion of 



the proof is postponed to Appendix A Note that as cr(Td) = [—2\/d — 1, 2\/d — 1], the 



following proof is incomplete only for d < 10, where d — \/2{d — 1) < 2y/d — 1. 

Proof, (partial) According to equation 13.21 and as Vtu G f^^, ^^^(^^±2) > ct, we observe 
that 

-^fc(^) < + '^uj{vk+i)) + a2(A)|a| 



Note that for A < c? — y'2{d — 1), ai(A) < 1. Therefore, either Ek{uj) is bounded from 
above, or Ek{uj) < {ipcj{vk-i) + i'u,{vk+i))/'2. Setting 

l-ai(A)JA>o , . ( a2iX)\a\ 

C3(A) = , ipoiX, a) = max < — — (1 - C3), 2( « + 1) 

3 t C3(A) 
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we obtain that C3 > and 

13c c 

)) + T^^o, 
Z i — C3 

therefore, according to equation 13.31 

P+'" {Mvk) >xA Mvk) > ^^^(M^k-i) + M^k+i)) 



< P+'° (^M^k) - max(« + 1, Ek{u) + 1) > ^Z^^) 

1 2 
2 

where C2 = C3/2(t|(1 — cs)^ and following lemma [3?T] in the last inequality. 

□ 

The proof of the lemma to the extreme vertices of V (i.e. k = 1, 2, n — 1 and n) is 



similar and do not bare any difficulty. However, for X > d — y 2((i — 1) the arguments 
made above are insufficient, as in that case ai(A) > 1. This obstacle is removed by 
considering the role of 02 (A) in equation 13.21 to show that the event 

can occur only if for some Vk' G V, ipuii^k') — -Efc'(cu) is proportional to x. 

As according to the last lemma, the probability to find that ipuj{vk) > a; is small, 
unless one of its nearest neighbors is considerably larger than x, theorem 11.21 follows: 

Proof, of theorem ll.^ - For a given A and a, set tpo, C2, C3 as in lemma [221 
A first observation we make is that if for some u G f^^'" and a; > 

1 - C3 

X < i)u{Vk) < i^uiVk-l) + ^UVk+l)) 

then necessarily max{ip^{vk_i) , ip^^^Vk+i)) > (1 — C3)~^x. 

Now, assume without the loss of generahty that ipuj{vk+i) > i'uiivk-i). Then, either 

^LuiVk+l) > ^{^u;{Vk) +^u;{Vk+2)), OI i'uj{Vk+2) > (1 " C-i^^X. 

By iterating the last step (and keeping in mind the convention ipuji'^-i) ^ 
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4'uj{vi),ipuj{vn+i) = i'ojivn^i)), we find out that if ipuivk) > x then there must exist 

1 < j < "H., so that ^uj{vj) > (1 — C3)l-'^'^la; and in addition 

1 - C3 

As a result, according to lemma [221 we obtain that 

P+'"(V^..K)>x) (3.4) 

j=0 ^ 



1 " 

< - ^ exp (-C2(l - cs)-^!^-''!^^) < cie" 



where 



2 

j=0 



00 

ci = ^exp (-C2[(l - c^)-^^ - < 00 



j=0 

□ 

In the next section we will be interested in the conditional distribution (^/'(^(f j)), 
where in addition we condition on ipu}{vi),4'w{v2)- For this purpose we introduce the 
following variation on theorem 11.21 

Corollary 3.3. VA G (y{Td) and a E R, 3'ijjQ{X,a) < 00 and < Ci(A),C2(A) < 00, so 
that \fn E N,3 < k < n, Xi, X2 > a and x > max(-?/'o, X2) 

Proof. For a given A and a, set tpo, C2 and C3 as in lemma 13. 2[ In a similar manner 
to the proof of theorem 11.21 we notice that if ipuj{vk) < x for some 3 < k < n, 
then there must exist 3 < j < n, so that il)u){vj) > (1 — C3)~'-'~'^'x and in addition 

As was shown above, the probability for such an event decays with x in a Gaussian 
manner. □ 
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4. Phase Transition of the a-level sets 
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In this section we consider, for a given A G <y{Td) and a G M, the distribution of the 
large components of the random process {i7,PQ,}, or the large a-level sets in QSd{\)- 
In particular we prove theorem 11.31 and the existence of a critical threshold etc, so that 
for a > Uc the level sets are almost surely all finite, while for a < a level-set of an 
infinite cardinality will almost surely appear. 

Due to the tree structure of T^, we can focus our inquiries in the following measures 
over simple pathes: 

Let V = C be a simple path. We denote probability densities along the path 

by the shorthand notation 

p{Xi,,Xi,\Xj^,Xj^) = p{{llJco{Vi,),llj^{Vi,)) = {Xi^,Xi2)\{^p^{Vj^),llj^{Vj^)) = {Xj,,X 

and Similarly 

p{{ipuj{vij,ilj^{vi,,)) = {Xi,, Xi^)\{ilj^{vj^),'^^{vj,^)) = {xj„Xj2),Vi G C;^{v 
For a given A G criTd) and a G M we define 

p(")=PKGCK)) 

as the probability that a given path of length n is contained in an a- level set. The 
probability for the same event, where we condition on 'ipuj{'^i)j4'uj{'^2) will be denoted by 

The existence of infinite a-level sets for small enough a is proven in [22j, where 
general invariant percolation processes on are considered. Using the mass-transport 
method it is shown that if the survival probability of an edge in such a process is larger 
than 2/d, an infinite cluster will appear in almost every realization of the process. Since 
for any A G cr{Td) the survival probability of an edge in QSai^^) is approaching 1 as 
a —00, the existence of an infinite component in Tq(?/';^) is promised Va below some 
(calculable) threshold. 
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The absence of an infinite component for high values of a results from the following 
lemma: 

Lemma 4.1. VA G crlT^) there exist /3(A) > 0, so that Va > and n G N 

pin) < ^-Pa^n 

Proof. For every a > 0, Pi"^ can be bounded from above by 
< P(^^(V') > na) 

where we set "^uiiV) = Yl]=i i^uiiyj)- Note that is a Gaussian random variable, with 
variance 

Var(^^(\/)) = E ( 

V ij / 
^ n-1 

0(A)(0) + 2^ <n<|.W 
^ i=i / 

where <l>(^) = 0^(0) + 2Y,Y=i (see equation [M] and lemmaQ- Note that, as 

= 0{{d - 1)"^/^), is finite VA G a(Trf). As a consequence, 

where 13 = (2$W)-i. □ 

Recalling that the volume of a sphere in is |A„| = d{d — we obtain that 

|A„|Po"''* decays exponentially for any a > \/ {d — implying that almost surely no 
infinite component will appear. 

In order to verify the existence of a critical threshold between the two phases, we would 
like to present the following classification of random processes on trees, introduced in 

Definition 4.2. A random process {fi,P} on a tree graph F, associating Vtu G Q 
an induced subgraph F^ C F, is a quasi Bernoulli process, if 3M < oo, such that 



n 



Gaussian Waves on the Regular Tree 



18 



^0 



Figure 2. For a quasi-bcrnouUi process, the probability to find vo G 
(continuous purple line) conditioned that Vq G C" {v2 ) (dotted green line) is uniformly 
bounded by the probabihty that vq G C"(wi), conditioned that vq G C"(wo A wi A wq) 
(dashed blue hne). 



P(t;iGCrJt;o)|^2eCrJt;o)) 



< M . (4.1) 

F{vi e Cr.(t;o)|^OAiA2 e CrJt;o)) " ^ ^ 

where foAiA2 is the intersection of the simple paths in T between the three vertices (see 
figure [2]) and Cr^(fo) is the connected component of vq in F^. 

Definition 14.21 provides a simple criterion for the existence (or the absence) of an 
infinite component in F^. For the sake of clarity, we provide here a partial version of a 
theorem, derived in [6]: 

Lemma 4.3. (Lyons) Let P} he a quasi Bernoulli process on Td, which is invariant 
under the automorphism group ofT^ and associates ^uj eVL an induced graph T^^ G T^. 
If 

hm (P(t/ G C^Jt;)))^/!^-^'! < -1- 

\v' — v\—^00 CI — i 

then, with a high probability, all the connected components of are finite. If 
hm (P(t;'GC^J^;)))^/l^-^'l>-i- 

\v'—v\—*oo CI — i 

T^^ will have an infinite component with probability 1. □ 



Gaussian Waves on the Regular Tree 19 
In order to verify that the level sets of QSd{)^) are quasi- Bernoulli, we provide the 
following bound on Pi"^ 

Lemma 4.4. VA G criT^) and a G M, 30 < Ci, C2 < oo so that Vn, m eN 

C^pHpM < p{n+m) ^ c2P^n)p{nr) (4 2) 

Note that the right inequality in equation 14.21 is the restriction of equation 14.11 to 
the case where vq is along the simple path between vi to V2- 

Proof. According to theorem 11.21 and corollary 13.31 VA G cr(Td) and a G M, there exists 
a finite threshold a < ipi{\, a) < oo, so that Vn G N and j < n, 

K'" HMvj). Mv,+i)) e (a, V-i)') > I and 



Recalling that 



cipl 



and that 

dx3dX4p{x3, XaIxi, X2)F^''\x3, X4) 



We obtain by applying bayes' theorem that V(xi,X2) G 

ip(") < ^'^^ rfi/i^^z/2P(z/i, Z/2)Fi"Hl/i, y2) < Pi") (4.3) 
-Fi"+2)(xi,X2) < y dx3rfx4p(a;3,X4|a;i,a;2)Fi")(x3,X4) < F^^'-^^^xi, X2) 

As p{yi,y2) and p(x3, X4|xi, X2) are strictly positive and bounded, 30 < 
Ci(A, a), C2(A, a) < 00 so that for every {xi, X2, X3, X4, yi, 2/2} G (a, ■i/'i): 
p(x3,X4|xi,a;2) 

Cl < 7 7 < C2 

Therefore, we get from equation 14.31 that V(xi,X2) G (q;,^/'i)^, 
|p(")<Fi"+2)(a;i,a;2)<2g2Pi") 
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Since, by the Markov Property of QSd{\), 

POO 



We get that 

pin+n.) ^ pin) f^' dx^-ldx^P^ {Xn-U X^) Pi"'^'\xn-U Xn) < C^P^^'^ Pj^^ 
J a 

where C2 = 2c2 dXn-idXnPn{xn-i, Xn)- Similarly, 

I ri'i 

Pa ^ ^ 7)Pa ^ I dXfi—idXnPn i^Xfi—ly Xn) P^ ^ {^Xji—lj Xn) ^ ^iPa ^ Pq. ^ 

where ci = ci (ix„_irfx„j9+(x„_i, x„)/4. □ 

Note that according to lemma S31 liminf„^oo(-Pa"^)"'^^"' = liiiisup„^o^(Pi"'')^/". As 
a result, lim„^oo(-Pi"'')"'^^"' exists and 

Corollary 4.5. VA G cr(T(i) anc? a G M, 30 < C3, C4, C5 < 00, so that Vra G N anc? e > 0, 

The dependence of X2) in its argument, can be bounded in the following 

manner 

Lemma 4.6. VA G cr(Td) and a G M, 3c6, c7 < 00 so t/iat Vra G N anc? xi, X2 > a 

Fi")(xi,X2)<C6-(l+|x2|rPi") 

Proof. Since V(xi,X2) G M^, X2) < 1, corollary 14.51 implies that Ve > 0, 

p{c5+e)n 

FW(Xi,X2)< P(") 

C3 

Therefore, if X2> {d— 1)"/^, the lemma follows with ce = and C4 = 6C3/ log((i — 1). 
Otherwise, set Xi = {xi,X2), m = l6 log(^_]^(|a;2|) j < n (where l-j stands for the integer 
part). By the Markov property of QSd{X), P^\xi,X2) equals 

FI^\xi,X2) = F^^\xi,X2) I dx^-idXmPt,{Xn,-i,X„,\Xi,X2)P^~'^^'^\xm-l 

J a 

Since according to corollary 13. 3[ 3^/'2(A,q;) < 00 so that 

P+'" G {a,X2 + i)2)\ipu.{vi),i)u.{v2)) = (xi,X2)) > 1/2 
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And as 
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X2)p^{Xm-l, Xm\Xl,X2) 

\Xi,X2)nVl e C^{Vm)\Xl 
< p{Xm-l,Xm\Xl,X2) 



We obtain that 



fyi—\dXmP{Xm—l^ Xm\X\^ X2)Fj^ 



n—m+2) 



Xm—li Xfji J 



(4.4) 



Next, we would like to evaluate the conditional density X2) in terms of 

p{xm-iiXm)- To do SO, we set 



Cii — C22 



^ 0W(O) 0W(1) ^ 



V 



0(A)(1) 0(A)(0) 



c 



12 



V 



<pW[m-2) 0W(m-l) 
0W(m-2) (/)W(m-l) 



and = According to equation 12.81 the investigated density is given by 



X2) 



L= exp (-1 ((X^ - m), C"1(X„ - /i))^ 



27rv/cfet(C) 



(4.5) 



where jj, = (7126*22"'^ Xq and C = Cu — Ci2C22^C*i2- 



Since 0W(m) = 0((rf - 1)-™/^)^ ^^at IIC12II2 = 0((d - l)"™/2) ^^ile ||Cii||2 = 

1 + \X\/d. As a result, by considering the Taylor expansion of C and ^, we find that 
C-i = Cf/ + Cp, where ||Cp||2 = 0((rf - 1)-™) and M2 = 0(||Xi||2(d - 1)— Z^). 
Recalling that m = L61og^„^(l + ||Xi||oo)-i, we obtain from equation 14.51 that 

WXm-l,Xm < X2 + ^^2, 

Pi^Xm—l^ Xm\xi, 3^2) 

where 

f{Xi) = —-{Xm,CpXm) — {Xm,C ^ ^) 
Z ||Xi||^oo 

is a bounded function of Xi. Since 

p{xm^i,Xm) = ^i===exp ( -J(X^,C-^^X„) ) 

27rA/det(Cii) V ^ / 



2n 



^exp(-i(.Y„.Cr'.Y„.> + /(A-,)) 



□ 
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and as det{Cii) / det{C) = 1 + 0{{d - l)"'") < 2, we find that 

where Ci(A, a) = 2maxffi2 /(Xi) < 00. Returning to equation 14.41 we find that 

l>Xl+1p2 

Fqi ('''1)'^2) ^ Ci / dXm—ldXmP(^Xm—lj'^m)F^ (^Xm—l^^m) 

J a 

POO 

J a 

— p("-™+2) 

Finally, as according to corollary 1131 Ve > 0, pi"-"^^^) < (c4/c3)e("-^+^)-(""2)pi''\ 

setting cq = ^1^^ cj = - — f-^ — r, the lemma follows. 
C3 log(d - 1) 

Having lemmas 14.41 and 14.61 in hand, we are ready to prove theorem II. 3t 

Proof, of theorem \1. Si First, we note that VA G (^(Trf) and a G M, the a-level sets of 
QSd{X) are quasi-Bernoulli. 

Indeed, let Vo,Vi,V2 G T^. If Vi {V2) is on the pass, connecting vq to V2 (fi), condition 
14.11 is trivially satisfied, with M = 1. if f connects vi to V2, then according to lemma 
14. 4[ condition 14.11 is satisfied with M = C2{X,a)- 

Otherwise, foAiA2 ^ {vo,vi,V2}- We denote by v'q,v[,v'2 the vertices which are adjacent 
to foAiA2 on the simple path leading to fo,fi,f2 correspondingly; We rewrite the LHS 
of equation 14.11 as: 

F{v, G C^{vo)\v2 e C^jvo)) F{{v,,V2} C Cg(t;o)) P (t;oAiA2 € C^ivo)) 
F{vi G CSivo)\voAiA2 e CSivo)) F{vi G C-{vo))F{v2 G CSivo)) 

and set nj = |foAiA2 — Vj\ for j = 0, 1, 2. 

By the Markov property of ^5d(A), we express: 

pa 

F{{Vi,V2} C C^{vo)) = / dxoM/,2dx'Qdx[dx2 



X P{Xoa1A2,x'q,x[,X2) ■ Yl FL'''\xOMA2,x'j) 

i=o,i,2 
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Following lemma 1121 the RHS is bounded by 



a 



F{{vi,V2}cC^{vo))<cs{X,a) J] 

i=o,i,2 

where 

/a 
dxoMA2dxQdx[dx'2p{xoM/,2,Xo,x[,X2) n (1 + 
°^ i=o,i,2 

Note that as Cs{X, a) is a moment of a Gaussian distribution, it is finite. 
Finally, following lemma we get that 

F{{vi,V2} C C^M)P(t;oAiA2 e C^jvp)) C8(A,a) 
¥iv^eCSivo))Fiv2eCSivo)) c?(A,a) 

establishing by that the quasi-Bernoulli property of {r2,PQ,}. 

As (following lemma KM for a > y/{d-l)/p, lim„^oo(Pi"V^" < 1/(^^-1), 
while according to p2], lim„^oo(-Pa"'')^^" > ^/{d — 1) for small enough a and since 
lim„^oo(-Pa"^)^^"' is strictly decreasing in a, theorem 11.31 follows, where Oc is given by 
the (implicit) expression 

n^oo " a — 1 

□ 

Appendix A. proof to lemma 13.21 

In section |3] we have established lemma 13.21 for vertices in the bulk of the path 



{2 < k < n — 1) and X < d — ^/2{d — 1). We begin by proving the lemma VA G cr{Td) 
for the case k = 1 {k = n). The main theme in the proof is the partition of the event 

1 — C3 

UJ G ri+'", 1puj{Vk) > X A 1puj{Vk) > ^ (^a;(ffc-l) + V'a; (^^fc+1 ) ) 

into a finite union of events, so that in every subevent, tpuj{vk') exceed Ek'{uj) significantly 
(see equation 13. 2p for some k'. 
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the case k = 1 : 

Given ipo and C3, we would like to evaluate the probability of the event 

A{x) = {toe > xA^^ivi) > (1 - C3)iIJu;{v2)} 

for X > tpo hj decomposing it into 

Ai{x) = jcJ G A,i)^{v3) > \'ipujiv2) - J ^a;(^l)| 

r dX X"^ + (d — 



A,(x) 



IujeA\ [j Aj,^^{v5) > 
{ j=l,2 



3 

A4(x)=A\UA- 

This partition is chosen, following equation I3.2[ so that VI < j < 3 and u G Aj{x), 
^^{vj) - Ej{uj) > (3jX 

where 13 j are some strictly positive functions of C3. Therefore, according to lemma [3TT] 



and equation I3.3[ we find out that 3'?/'o(A, a), so that Vx > t/^o. 



^I'^uo G A,{x)) < exp 



2 

As a result, the lemma will follow by showing that VA G (y{Tii) and a; G M, there exists 
C3(A, a) > and ipo{X, a) < 00, so that Vx > ipQ, A{x) = IJj=i ^i(^)- 
For A < 0, as Wu G A, ipuj{v2) > a, we obtain that 

D \ uj eA,a> -\X\ij^{v2) - ^—^i^Uvi) 
I 1 + C3 

Therefore VC3 > 0, setting ipQ = —(1 + |A|)(1 + C3)a/{d — 1), we find that A{x) C v4i(x) 

for every x > ipQ. 

Similarly, iiO<X<d — 1 then 

Ai{x) D {io e A,a> — 

I t + C3 

Therefore VC3 > 0, setting i/jq = {1 + cz)a/{d — 1 — A), we get that A{x) C Ai{x) for 



every x > ipo- Note that if > 5 then max{cr{Tj)) = 2\/ d — 1 < c? — 1, and the proof is 
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done. 

Ifd-l<A<(d-l + Vrf2 + 2d-3)/2, we find that 

A^ix) ^ l^cu e A\A^,a> {- {1 + j^) X' + {d-1- {d + 03)03) A + d - l) %M | 



As in the limit ipojivi) ^ 00, C3 ^ and \/d-l<X<{d-l + Vd^ + 2d-3)/2 
« > f _ f 1 + + (d - 1 - + C3)C3)A + d-^ 



d-lj ' ' y 1 - C3 

we obtain that for any A smaller then {d — 1 + y/ + 2d — 3)/2, there exist finite and 
positive ipo, C3, so that \/x > ipo, A{x) — Ai{x) U ^2(2^)- 



As max((j(Td)) < {d — l + \/d'^ + 2d — 3)/2 for d > 3, we are left with the case d = 3 and 
1 + V3 < X < 2y/2. Preforming a similar calculation, one finds that for an appropriate 
choice of ipo and C3, ^3(0;) D A{x) \ Uj=i,2 Aj{x), as long as A^ - 2A^ - 4A + 4 < 0. As 
this is indeed the case for every 1 + \/3 < X < 2\/2, the proof is complete. 

the case k > 2 : 

The proof is similar to the above, but require few more iterations. Using the shorthand 
notation 

we decompose, for a given ■^q and C3, the event 

A{x) = {a;el]+'",Vc.K) >a;A^^K) > (1-C3)^«K)} 



into 



^,iMvk) + €\vk)) - - 1) 

AJ{x)^LeA\\JA,^|;jj+'\v,)> 
[ i=i 
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where we assume that x > ipo and j > 3. 

As before, the intervals are chosen so that if a; G Ajj^i for some j > 0, then 
for some /^^(ca) > 0, implying that for large enough if)Q 



Wx > ijQ, P+'"(cu G Aj{x)) < exp 



2 

As a result, the lemma will follow by verifying that VA G cr(Td) and a G M there exist 
ipo < oo and C3 > so that Vx > ipo, A{x) = |Jy=i Aj{x) for some finite integer p{X). 



As was demonstrated in the (partial) proof at section ^ if X < d — \/2{d — 1) then for 
an appropriate choice of iIjq and C3, we find that A{x) = Ai{x). 



If X > d — ^/2{d — 1), we find that A2{x) = A \ Ai{x) for small enough C3 and large 
enough ipo, as long as 

- dX^ + 2{d^ -d+ 1)X^ - did"^ -Ad + 4)A -2d^ + Ad^ -Ad + 2 <0 (A.l) 

The last polynomial has a single real root Ajj, where > 5, Aq > 2\^d — 1. Therefore, 
for these cases, condition lA.ll is fulfilled and the lemma follows. 

Iterating the process four more times (where each iteration involves the evaluation of 
the roots of a polynomial of increasing degree), we find for = 4, 5 that VA G o"(Td), 
^(^) = Uj=i^i(^) (for an appropriate choice of ipQ and C3). For = 3 we get that 
A{x) = IJj=i by that establishing the lemma for 2 < k < n — 1. 

The proof for the case k = 2 {k = n — 1) is identical and therefore will be omitted. 
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